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ABSTRACT 
A classical, simplistic model  o f  the molecular dynamics of  0 2 is developed for interactions which 
are not  readily amenable to quantum mechanical analysis. All electron-electron interactions are 
included. Computer  examples are described and discussed. 
1. INTRODUCTION 
Modelling of fundamental natural phenomena, like 
those associated with, say, living cell metabolism and 
ageing processes, requires the ability to model atomic 
and molecular dynamical interactions. Unfortunately, 
this facility is not available at the present time. 
Quantum mechanical methodology has been relatively 
successful in energy calculations, in spectroscopy, and 
in aspects of solid state physics [1], [7-11], but has 
been too difficult o implement for all but the 
simplest of dynamical situations. Recently, various 
combinations of classical and quantum echanical 
methods have been devised, but these are all in 
relatively early stages of development. Levine and 
Bernstein [6], for example, determine energies from 
Schroedinger's equation and then scattering traject- 
ories from Newton's equations. Kirschenbaum and 
Wilets [5] incorporate Heisenberg and Pauli principles 
into classical n-body models. Greenspan [2], [3] 
assumes energy to be known and incorporates a local 
repulsion term into classical equations to prevent 
electron capture by a nucleus. 
In this paper, we will continue the development of
Greenspan [3] by exploring anew model of the oxygen 
molecule 02. Besides being of interest in itself, a 
study of O2, combined with our previous tudy of 
hydrogen [3], will enable the modelling of H20, 
which molecule is often used to assess the value of 
any model or theory by its ability to predict he 
correct H20 bond angle of 104.5 o. 
Our model will be simplistic in that it includes only 
the major forces, that is, those of an electrostatic 
nature. Nevertheless, we will be able to include all 
electron-electron interactions. In quantum echanics, 
one can only approximate electron-electron potentials 
[11] and one must separate out the motions of the 
electrons from those of the nuclei (the Born-Oppen- 
heimer approximation (1)). 
Oxygen, our most abundant element, occurs primarily 
as a diatomic molecule and is of fundamental signific- 
ance in a broad spectrum of chemical reactions. How- 
ever, 02 has, historically, been a source of enigma to 
both chemists and physicists. For example, 02 is 
paramagnetic. The classical double-bond Lewis struct- 
ure for 02 was inconsistent with this property, while 
a single-bond Lewis structure, which yielded two un- 
paired electrons, yielded an incorrect bond lengt [8], 
[9]. Quantum mechanically, valence bond theory 
developed in terms of atomic orbitals also proved to 
be inadequate and had to be replaced by molecular 
orbital theory [8], [9]. Because our interest is in 
dynamics, however, particular properties, like being 
paramagnetic, are of little importance at the present 
time, so that we may continue in the spirit of Green- 
span [3]. 
2. BASIC ASSUMPTIONS 
For the convenience of the reader, we now summarize 
the basic assumptions made in Part I [3] and note one 
modification. 
Given n particles Pi, let mi and ei be the mass and 
charge, respectively, ofPi, i = 1, 2 ..... n. Initially, we 
assume gram, second, and esu units. Next, for time 
step At>0 and tk=kAt , k=0,1,2 .... let Pi at t k be 
÷ • ÷ 
located at ri;k, have velocity Vi,k, and have acceleration 
ai,k" If force i~i, k acts on Pi at tk, then we assume the 
dynamical relationship 
gi,k = mi~i,k' i = 1,2,...0a; k = 0,1,2 ..... (2.1.) 
Specifically, we assume that the force ~i" k exerted on tj, 
Pi by Pj at t k is 
2"  1 _ (6.25 a) 10 -4 ) rii,k ' (2.2) 
gij,k = eiej ( 2 6 
rij,k rij~¢ rij* k 
(*) D. Greenspan, Department  of  Mathematics, University o f  Texas at Arl ington, Arlington, 
Texas 76019, USA. 
Journal of Computational nd Applied Mathematics, volume 7, no. 2, 1981. 129 
4p where rij~k is the vector from Pi to Pj at time t k and 
where a is defined by 
0, eiej> 0. 
The total force on Pi due to all other particles is 
n 
~i,k = j~__ 1 ~ij,k" (2.3) 
j÷i 
In the present paper the noncoulombic term in (2.2) 
has been increased slightly over the previous choice 
in [3] for computational convenience. However, as 
indicated in section 6, physical considerations may 
result in a much larger increase in the future. 
Finally, to avoid underflow in digital simulation, we 
rescale as follows : 
hi ,k= 1012~ i,k, Mi = 1028mi ' Ei = 1010ei/4"802 86. 
In the new variables, M(ehctron) = 9.108 5, M(pro- 
ton) = 16 742, E(electron) = - E(proton) = -1, 
while (2.2) becomes 
ibij,k = (4.802 86)2104EiEj( 1 2 - (6"25~')106) 
Rij,k Rij~¢ 6
X ~J~.  i (2.4) 
RijJ~ 
3. DYNAMICAL FORMULAS AND THE NUMERIC- 
AL METHOD 
Trajectories of electrons and nuclei will be determined 
numerically from (2.3) by a modern computer 
technique. Though any of the currently popular 
numerical methods for the solution of second order 
differential systems can be used, we will apply here 
only a relatively simple and relatively stable one 
called the leap-frog method. This will be done in XYZ 
coordinates. Moreover, the system's stiffness, due to 
the very extensive lectron motions which result from 
relatively small motions of the nuclei, will be 
alleviated partially by transforming the time variable 
also, as described next. 
Setting 
T = 1022t, (3.1) 
one finds that 
= 1012rij,k (3.2) Rij,k 
= (VX,VY,VZ)= (dX/dT,dY/dT,dZ/dT)= 10-10~ 
= 10-10(Vx,Vy,Vz)= 10-10(dx/dt,dy/dt,dz/dt) (3.3) 
A = (AX,AY~Z)= (d2X/d~?2,d2y/dT2,d2Z/dT 2) 
10-32 ~ = = 10-32(ax,ay,az) 
= 10-32(d2x/dt2,d2y/dt2,d2z/dt2) (3..4) 
v = 
= 10-20v2. (3.5) 
From (2.1) - (2.4) and (3.1) - (3.5), the equations of 
motion of the Pi are 
M i ~ -  (4.802 86) 2 n 1 
j= l  I ' J|R..2 dT 2 j~ i t  t l j  Rij 6 ] Rij ] 
I 
(3.6) 
From given initial data, (3.6) will be solved numerically 
by the following explicit recursion formulas, known 
as the leap-frog formulas because of the way they 
determine position and velocity at alternate dine 
steps :
g'i,1/2 = ~i,04(ZXT)([bi,0)/Mi , i=l,2,...,n (3.7) 
~i,k+l/2=~i,k_l/2+(z~T)(i~i,k)/M i ,~i=1,2 ..... n, (3.8) 
Lk= 1,2,3,... 
i~i,k+l = i~i,k+(ZxT)(~i,k+l/2) ,~'= 1,2,...,n, (3.9) 
[k-0,1,2,3 .... 
For the readers' convenience, a typical FORTRAN 
program is provided in the APPENDIX of Greenspan 
[41. 
4. ANALYTICAL APPROXIMATION OF 0 2 
Like all molecules, oxygen molecules exhibit constant 
vibrational motions. Experimental results, like those 
relating to bond length, are always averaged results. 
Though no two oxygen molecules are exactly the same, 
any two have common qualities, which we will now 
try to incorporate into a reasonable and useful model 
of 0 2. The stiffness problem alluded to in section 3 
will ~e alleviated further by incorporating as many 
symmetries as possible into the model, since, in this 
fashion, kinetic energy transfers will be distributed 
equally over several electrons imultaneously, thus 
contributing to greater physical stability of the entire 
conjuration. These symmetries will also allow the u~ "; 
of relatively large grid sizes;in the computations tobe 
described later. 
Since the chemical behavior of an atom is usually de- 
termined by the structure of the atom's outermost 
electron ring only, we shall assume that each atomic 
subunit ofO 2 consists of a single point source nucleus 
of charge +6 and six second ring electrons, the charges 
of the inner ring electrons being incorporated entirely 
into the nucleus. Thus, let the atomic nuclei of 02 be 
P1 and PS' while the electrons are P2-P7 and P9-P14. 
It follows then that 
Ei= 6 
Ej = -1 
M i = 267584 
Mj = 9.1085 
, i=1,8 (4.1) 
, j=2,3,4,5,6,7,9,10,11,12,13,14 (4.2) 
, i=1,8 (4.3) 
,j=2~3,4,5,6,7,9, 10, 11,12,!3,14 (4.4). 
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Nex t, assume initial positions Xi, 0,Yi,0,Zi,0 ':i= 1,2,..., 
14, as shown in figure 4.1, and given in terms of the 
parameter R by 
X1, 0 = R 
X2, 0 = 0 
X3, 0 = 0 
X4, 0 = 2R 
X5, 0 = 2R 
X6, 0 = 2R 
X7, 0 = 2R 
X8, 0 = -R 
X9, 0 = 0 
X10,0 = 0 
Xl l ,0 = -2R 
X12,0 = -2R 
X13,0 = -2R 
X14,0 = -2R 
Y1,0 = 0 
Y2,0 = R 
Y3,0 = -R 
Y4,0 = R 
Y5,0 = -R 
Y6,0 = 0 
Y7,0 = 0 
Y8,0 = 0 
Y9,0 = 0 
' Y10 ,0  = 0 
' Y I I ,0  = R 
' Y12 ,0  = -R  
' Y13 ,0  = 0 
' Y14 ,0  = 0 
Z1, 0 = 0 
Z2, 0 = 0 
Z3, 0 = 0 
Z4,0 = 0 
Z5, 0 = 0 
Z6, 0 = R 
Z7, 0 = -R 
Z8, 0 = 0 
Z9, 0 = R 
Z10,0 = -R 
Z11,0 = 0 
Z12,0 = 0 
Z13,0 = R 
Z14,0 = -R. 
In order to determine R, we next approximate he 
total energy of the system by neglecting the non- 
coulombic terms in (2.4) so that 
~P15 
,e PJ.2 
J'P14 
/ 
f 5  m ,,, "P5 
s i  PI ,~ , 
r 
~lo ~P7 
X 
Fig. 4.L 
E= 10-8 ~ 4 1MV2 
i=12 i i "  
14 13 
+ 10 -8 Z Z {(4.802 86) 2 EiEj/Rij,k ). (4.4.) 
j=i+l i=1 
Now the total energy of an oxygen atom in which the 
nucleus and two inner electrons have been incor- 
porated into a point source is (-0.069364)10-8 erg. 
The binding energy ofO 2 is (-0.000826704)10-8 erg. 
Thus, E= (-0.1397547)10-8. Under the assumptions 
that all velocities are zero and that each Rij,k is in- 
dependent of time, (4.4) reduces to 
(-0.139 754 7)= (4.802 86)2 j1=Z4i+1 i= ~1 {EiE;/Ri'}'0 
(4.5) 
By the symmetries of the configuration i figure 4.1, 
(4.5) reduces to 
-0.139 754 7 = -6(23.067 46){(16/R12)-(6/Rls)+(S/R111)) 
+ 23.067 46 {(14/R23)+(8/R25)+(16/R26)+(12/R29) 
+(4/R411)I+(4/R412) +(8/R413) ) . (4.6) 
However, R12= R(2) 1/2, R18= 2R, Rl11= R(10) 1/2, 
R23=2R, R25=2R(2)1/2, R26=RI6)l/2, R29=R(2)1/2, 
R411=4R, R412=2R(5) 1/2, R413=~R(2) 1/2, which, 
upon substitution i to (4.6), implies 
R = 6014. (4.7) 
Our initial bond length approximation is,then, 
L = 2R = 12028 (= 1.202 8 ~ in xyz coordinates). 
(4.8) 
The known experimental value for the 02 bond length 
is 1.207 0 ~. 
5. NUMERICAL CALCULATIONS 
In this section we will describe computational studies 
run on the DEC-2050 at the University of Texas. Time, 
economics, and hardware factors restricted the grid 
size choices, largely, to AT=0.2, 0.5, 1.0, and 2.0. In 
general, the three smallest grid sizes yielded consistent 
and reliable results, while the largest yielded resuks 
which at times were satisfactory quantitatively, but 
at other times were satisfactory only qualitatively. 
This is reasonable since the grid size choice 5.0 usually 
resulted in numerical instability. 
In the examples to be described, calculations were in 
double precision with position calculations rounded to 
five decimal places and velocity calculations to nine. 
Configurational symmetries always yidlded one 
dimensional motion along the X-axis for each nucleus. 
Let us begin by examining the configuration developed 
in section 4. 
Example 1
Consider the configuration shown in figure 4.1 with 
R=6014 and with all initial velocities et equal to zero. 
The resulting electron and nuclei motions were determ- 
ined from (3.7)-(3.9) with AT=0.2 for the first 
2 400 000 time steps and with AT=0.5 th'ereafter. The 
motions of both the electrons and the nuclei were 
exceptionally stable. During the first 13 800 000 time 
steps, the nuclei each drifted slowly towards each other 
28 units, while individual electrons moved up to 8000 
units from their original positions. The four, double- 
bond electrons, namely, P2' P3' P9 and P10' oscillated 
along the axes eight imes between radial distances of 
1300 and 12 000 units, approximately. Each of remain- 
ing electrons exhibited planar, nonuniform oscillations, 
a typical one of which is shown for P4 in figure 5.1, 
where P4's position is given every 300 000 time steps 
with AT=0.2. As will be shown later, the nuclei will, 
eventually, reverse direction when their mutual repul- 
sion prevails. In the present example, the motions of 
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the nuclei were so slow and so stable that the time 
required to exhibit this behavior was prohibitive. 
1( 
8 
6 
4 
2 
~ P4 
i 
2 4 6 8 l o  12 14 x = 
Fig. 5.1 
Example 2 
Consider the same initial conftguration pattern as in 
example 1, but in place of zero initial velocities et 
0.000 01 = -V4,0,z=V5,0,z=V6,0,y=-V7,0,y 
=_V 11,0,z= V12,0,z=V 13,0,y=_V 14,0,y" (5.1) 
as shown in figure 5.2. All remaining velocity com- 
ponents are zero. With AT=0.5, the motion was 
studied for 8 700 000 time steps. The stability of the 
motion was analogous to that of example 1. However, 
the symmetric motions of P 2, P3' P9 Pl0 were now 
two dimensional, while those of the remaining 
electrons were three dimensional. Moreover, the 
nuclei moved from 6014 to 6009 radial units during 
the first 5 400 000 steps, reversed their motion to 
6012 units during the next 2 400 000 time:steps, an d 
then reversed their motion again. Note that the effect 
of perturbations (5.1) on the total energy is essential- 
ly negligible, the total e.nergy being (-0.1397547)10 -8 
erg and the perturbation i energy being 
(0.000 000 004)10-8 erg. 
Example 3 
With AT = 0.5, consider the same configuration as in 
example 2 as shown in figure 5.2, but merely reverse 
the directions of the four rightmost velocity vectors, 
so that this time 
0.000 01 = V4,0,z=-V5,0,z=-V6,0,y=V7,0,y 
=-Vl l '0 'z=V12'0'z=V'~ 0 =-V l ' "  (5.2) J-O, ,y q',u,y" 
This relatively minor change results in physical in- 
stability, which is a dramatic hange of behavior 
from that of example 2. Through the first 8 400 000 
time steps, the nuclei moved towards each other to 
positions which were 6003 units from the origin. 
Thereafter, the direction of their motions was revers- 
ed, due to the following behavior of the doublebond 
electrons. After 6 350 000 time steps, these electrons 
came sufficiently close to each other (approximately 
, I  4 • 
[ . , /  
Y 
lZ  
v , . ,  
Fig. 5.2. 
1000 units from the origin, as shown in Fgure 5.3) 
that the magnitude of their mutually repulsive forces 
exceeded all previous values. The result was a "big- 
bang" type effect. The momentum of the heavy nuclei 
carried them towards each other through 8 400 000 
time steps. At this time of nuclei motion reversal, the 
bond electrons were 31 490 units from the origin and 
had outward speeds of 0--018 174. The computations 
were terminated when the bond electron radial dis- 
tances exceeded 100 000 units. The entire computa- 
tion was repeated with both AT=0.2 and AT=0.1 and 
the resuks were the same. 
I 
I 
i 
I • i 
Y 
i I "  
• i 
" ' 12000 
/ 
* , 
I 
Fig. 5.3. 
Finally, let us merely summarize, as follows, the  
results of a large number of other examples which 
were studied [4]. In all cases where symmetry was 
not assumed the calculations were unstable for each 
of AT = 0.2, 0.5, 1.0, 2.0, and in all cases where only 
two electrons were allowed to oscillate linearly be- 
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tween the nuclei, whether along the X-axis or the Z- 
axis," the calculations resulted in instability. 
6. REMARKS AND CONCLUSIONS 
The major computational difficulty is one of stiffness 
of the differential system. However, the inequity 
between the speeds of  the electrons and those of the 
nuclei which cause this problem seems to be essential 
physically, since it allows the electrons to be in the 
right place at the right time in stable mohcular con, 
fgurations. Numerically, it would then be of advantage 
to consider the use of  high order difference formulas 
and/or calculation on a paraUel computer in order to 
accelerate the speed of computation. Also, a variable 
grid size algorithm should be advantageous. 
In general, all calculations revealed a sensitive inter- 
play between the electrons and the nuclei. Examples 
2 and 3 of  section 5 demonstrate clearly that only 
minor changes in initial data can yield dramatic 
changes in confgurational behavior. In light of such 
results, it seems difficult to accept he Born-Oppen- 
heimer assumption of  separability as applied currently 
in scattering calculations. 
Note also that energy identity (4.4) can be used to 
show that certain conFzgurations are not possible. 
For example, for all initial position data equal to zero 
except 
6500 -- XI,0=Y2,0=-Y3,0=Y4,0=-Y5,0=Z6,0 - 
=-Z7,0=-X8,0 =Z9,0 =-ZIO,O = YII,O = -Y12,0 
=ZI3,0=-Z14,0 , 
13 000 = X4,0=X5,0=X6,0=X7,0=-XII,O=-X12,0 
=-XI3 ,0=-X I4 ,0  ,
which is similar, positionwise, to the arrangement of 
example 1, (4.4) yields 
14 
-0.010 4546= 1 y~ MiVi 2 ,  
2 ]=1 
which can never be valid. 
Finally, it should be noted that the instability of  all 
the non-symmetrical examples resuked in the same 
fashion. Inevitably, at least two electrons, say, P2 and 
P3' became relatively aligned with and on the same 
sicle of an oxygen nucleus, say, PI" In such cases, the 
inner electron, say, P2' transferrecl kinetic energy to 
the outer electron P3, with the result that P2 moved 
into orbital motion closely around P I '  while P3 
moved outward to a distance which was unreasonable 
physically. A possible resolution of  this problem, 
interestingly enough, is to increase the distance of 
repulsion in (2.4) with respect o PI" The reasonable- 
ness of  this change follows from the fact that we have 
incorporated the two first ring electrons into the 
nucleus in our model, but we failed to preserve their 
orbital domain. In our unstable xamples, second 
ring electrons were entering into this domain. 
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